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The ability of therrnal waves to perform non-destructive depth-profiling studies in materials with 
spatially variable thermallthermodynamic properties has been exploited mostly qualitatively so far. The 
lack of appropriate general theoretical models in the literature has been largely responsible for the near 
absence of quantitative depth-proftling, especially in media with large therrnal property variations within 
depths on the order of the thermal wavelength. As a result of mathematical difficulties, theoretical treat-
ments have been essentially confined to discrete, multilayered solid structures with constant therrnal and 
thermodynamic properties within each thin layer [1,2]. Furthermore, Afromowitz et al. [3] have applied 
discrete Laplace transformations to the heat conduction equation to treat the production of the photoacous-
tic signal in a solid with continuously variable optical absorption coefficient as a function of depth, how-
ever, the thermal parameters of the solid were assumed constant Thomas et al. [4] calculated the Green's 
function for the three-dimensional heat conduction equation describing therrnal wave propagation in a ther-
mally uniform solid with a subsurface discontinuity ("flaw"). More recently, Jaarinen and co-workers [5,6] 
used Finite Difference and Inverse methods for thermal wave depth-proftling of samples with spatially 
variant therrnal properties from measurements of the surface temperature distribution. Aamodt and Mur-
phy [7] very recently used vector/matrix methods to calculate therrnal wave responses from discretely lay-
ered samples. These authors further considered the case of continuously varying therrnal properties as the 
limit of infinitely thin layers. 
In this work the therrnal wave propagation problem in generalized continuously non-homogeneous 
media is approached through the formal analogy that exists between classical and quantum wave fields. It 
is shown that the thermal wave field Hamiltonian is nondissipative irrespective of the spatial dependence of 
the relevant thermallthermodynamic properties of the system. The classical mechanical Hamiltonian can 
be shown to be that of a harmonic oscillator in the temperature potential field. Solutions to the classical 
mechanical problem lead to a thermal ray description which is rigorously valid only at material depths 
large compared to the thermal wavelength. Thermal wave propagation at any depth, however, is shown to 
be rigorously describable by a drastic step: quanlization of the thermal wave field Hamiltonian [8]. 
HAMILTON-JACOBI FORMULATION OF THERMAL WA VE PHYSICS 
The temperature field T(x) in a continuously or discretely non-homogeneous medium subject to har-
monic oplical or otherwise surface excitation at angular frequency 00. is given by the Fourler-Helmholtz 
equation. For simplicity we will consider the one-dimensional case, with the three-dimensional problem 
constituting a straight forward extension of the fundamental concepts developed herein: 
d d dx [k(x) dx T(x)] - ooop(x)c(x)T(x) = O (1) 
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k(x), p(x), and c(x) are the spatially variant thermal conductivity (W/m °K), density (kglm 3), and specific 
heat (Jlkg °K), respectively, of the medium. The Lagrangian function corresponding to Eq. (1) 
(2) 
Upon defining the generalized coordinate qT = T(x) and momentum PT = a(:r~dx) = k(x) ar:) , the clas-
sical mechanical Hamiltonian can be written: 
ar(x) 
H(x, T,PT)=PT[~]-L 
p} i 
= -- - -CI) p(x)c(x)Tz 
2k(x) 2· 
(3) 
(4) 
This form of the Hamiltonian is not appropriate, however, for use in the consideration of thermal wave 
dynamics, because it is an explicit (non-cyclic) function of x. A canonical transformation is thus required 
[9] such that both q and p will be constants of the motion. Using the following parametric transformations 
and 
% ~ = !J[ p(y)c(y) ]'hdy 
J. k(y) 
1 
t'" [k(x)p(x)c(x)] 4' T(x) 
L 
J", ..!.J[ p(y)c(y) ]'hdy 
L. k(y) 
the Hamiltonian can be written in its Hamilton-Jacobi representation 
H(t, a; )=cx",E, 
(5) 
(6) 
(7) 
(8) 
where cx (and E) is a constant of the motion, corresponding to the total generalized energy of the thermal 
wave field. W( t, cx) is Hamilton's characteristic function. As a consequence ofthe fact thatH is cyclic in 
x in the coordinate system ( t, p~), the generalized momentum can be written [9]; 
aw P~ = - = constant iJ't 
(9) 
Eqs. (4) - (9) now yield the complete functional form of the canonical Hamiltonian 
H(t, p~) = V:1lp~ + 1f2K~ (10) 
with 
(11) 
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as the Thermal-wave Harmonic Oscillator (THO) spring constant. The effective mass m ;: r l is subject to 
a restoring, conservative force F = -Kt generated by the effective harmonic potential field V(t) = VU<. ~. 
The combination of Eqs. (8) - (10) yields [9] 
aw t=-=I;+~ , an (12) 
where ~ is a constant of integration, which represents the constant generalized coordinate in the canonical 
system, and can be determined from the initial or boundary conditions to the problem. Eq. (12) gives the 
general solution to the Hamilton-Jacobi problem: 
(13) 
Eq. (13) can, in principle, be integrated and turned "inside out" to give t = t( 1;) or, using the parametric 
transformations (5) - (7), to yield the desired solution in the form T = T(x) upon imposition of appropriate 
boundary conditions. 
The frequency of the THO spatial oscillation may, however, be obtained without explicitly solving 
Eq. (13), via the use of the action-angle variable 
(14) 
The integral I ~ can be evaluated between O and 2 7t, and its conjugate generalized angle variable coordinate 
v ~ representing the spatial frequency can be calculated: 
= aH = _1 (KJ)'h v~ al ~ 27t 
Now the angular frequency can be written as 
L 
il '" 2 = + (1- i) J[ coop(y)c(y) ]'hd ~ 1tV~ - L o 2k(y) Y 
(1 _ i) L 
'" ± --fa.(coo, y)dy L o 
(15) 
(16) 
(17) 
where a.( coo' y) is the local thermal diffusion coefficient of the Rosencwaig-Gersho theory [10] at depth y 
in the medium. 
Thermal Ray Limit of the Hamilton-Jacobi Theory 
The Hamilton-J acobi formulation of the thermal wave problem leads to an equation for the trajectory 
of propagating thermal waves at any point in space. The trajectory is given by the direction of the momen-
.... 
turn p~. Upon combination of Eqs. (8) - (10) one finds 
(18) 
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which is the rule for the construction of constant phase surfaces. Assuming a slow variation of the 
medium thermal diffusivity 
a (x)- k(x) 
• - p(x)c(x) (19) 
in space, particularly over distances of the order of one thermal wavelength, the exact Eq. (18) reduces to 
the approximate form 
(VL)2 = a." la, (x) , (20) 
where a80 is a constant reference thermal diffusivity, and L = a.(oo., x)x. Eq. (20) is the eikonal equation 
of thennal ray mechanics and is entirely equivalent to the eikonal equation of geometrical optics with 
a80 Ia.(x) replaced by the square of the index of refraction [11]. Surfaces of constant L detine the thermal 
wave fronts. The thermal ray trajectories are everywhere perpendicular to the wave fronts and can thus be 
determined from Eq. (20). Another compact way for obtaining thermal ray trajectories is offered by the 
thermal ray variational Fermat's principle, which is simply stated in the form 
/)J~=o 
a,(x) 
where ds is the incrementallength of the thermal ray trajectory. 
(21) 
The concepts presented in this section put in perspective the methods available for recasting well 
known Classical Mechanical ray formulations into the thermal wave problem and exploiting the consider-
ably abundant expertise which has been developed with the former treatments (e.g. light ray analyses) to 
attack thermal ray problems. Typical applications of the thermal ray concept to-date can be found in the 
works by Burt [12-14], Bennett and Patty [15], and Mandelis et al. [16]. The main features of these appli-
cations are a) good to excellent agreements with experiments [12-16]; b) reduction of computationallabor 
over numerical integration [12-14]; c) the requirement of only few thermal rays to calculate the entire tra-
jectory picture [12-14]; d) applicability to many types ofsubsurface geometries [12-16]; e) success in 
rederiving the Rosencwaig-Gersho model [10] from thermal ray interference principles [15,16]; and t) the 
ability to measure interferometricalIy thin solid film thicknesses [16]. The most important disadvantage of 
the thermal ray concept is the approximate nature of the eikonal equation (20). The short wavelength 
approximation (or slow spatial variation of a,(x) involved therein) restricts the applicability of the thermal 
ray concept, since most problems of practic al interest involve thermal property gradients at material depths 
shorter than, or on the order of, one thermal wavelength (e.g. thermal wave imaging of microelectronic 
materials [17]). A mathematical statement of this restriction is that the eikonal equation (20) cannot 
rederive the Fourier-Helmholtz eqn (1) with purely algebraic manipu1ations. It can be shown, however, 
that Eq. (1) can be recovered from thermal ray mechanics through quantization of the thermal ray field. 
QUANTUM THEORY OF THERMAL WA VE PHYSICS 
A complete analogy to the conventional quantum theory can be drawn from the previous classical 
formulations upon replacing alI classical variables of the Hamilton-J acobi theory with thermal wave quan-
turn mechanical operators: 
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't~'t='t 
• ~ a 
p~~p~=-w-O't 
• a H~H=ifj­a~ 
(22a) 
(22b) 
(22c) 
The constant fj is the thermal wave equivalent to Planck's constant whose units are W °K/m 2. An 
eigenfunction solution is assumed to the operator eq. (22c). 
(23) 
Eqs. (10) and (23) yield the canonical coordinate-dependent "Schrodinger equation" of thermal wave quan-
turn mechanics: 
(24) 
where V(t) = V2Kt2• Separation ofvariables in the form 
",(t, ~) = <I>(t)exp(-iE1)fj) (25) 
together with the requirement for 15 to be a complex constant of the form fJ = (1 + i) I il 1, in order for the 
energyeigenvalues to be real and positive, results in the following coordinate-independent Schrodinger 
equation 
Upon definition of a new variable 
1 
Z = (4000 11'6 12)"4 te-i lO'4 
eq. (26) can be written in terms of a parabolic wave Weber-Hermite equation [18] 
with n = positive integer. The more general case with n = real has been treated elsewhere [8]. Eq. (28) 
admits solutions expres sed in terms ofHermite polynomials 
.2 
<l>n(Z) = 2-(n/2)e -""4 Hn(zrFi) 
with the eigenvalues 
En = (n + 1jz)oo~ I ts Il 
Writing eq. (16) in terms of eqs. (5) - (7) and substituting in eq. (30) yields: 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 
Now eq. (31) can be used to interpret 15 in terms ofthe generalized energy ofthermal wave packets (ther-
mions!), as the constant ratio of the energy to the angular frequency of such wave packets: 
E =i1D. = bv. _ (32) 
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Eq. (32) can be used in the quantum mechanical wave packet sense [9] to provide the deBroglie thermal 
wavelength 
15 k(~) ~ ÂtJ.(~) = P't = 21t[ roop(~)c(~) ] (33) 
The proportionality relation between iS and Â.rh is analogous to that observed between Planck' s con-
stant of the quantum theory of light and the wavelength of the optical radiation. It can be further shown 
that this relationship is consistent with the correspondence principle of quantum mechanics [8]: in the lirnit 
of15 ~ 0, i.e. Ath ~ 0, the thermal wave Schrodinger's equation (24) becomes identic al to eq. (8) ofthe 
classical Hamilton-J acobi theory. 
Expectation Functions and Ehrenfest's Theorems 
The most important application of thermal wave quantum mechanics is its ability td calculate expec-
tation functions for various macroscopic observables. It is especially valuable in its handling the derivation 
of expressions in the near-field range, Le. fqr material depths shallower than, or of the order of, one ther-
mal wavelength. In this lirnit of great practic al importance the eikonal equation .. (20) is not valid and the 
temperaturefield may thus be difficult or impossible to derive from the Fourier-Helmholtz eq. (1) via con-
ventional means. 
A. Potential Energy of the THO 
In terms of quantum mechanical observable notation we can write: 
where 
Using the orthogonality property of the Weber functions [18] and the normalization condition for the 
eigenfunctions 'I'n 
eq. (34) gives [8] 
<z2>n=<V(z»n=2n+1='hEn • 
(34) 
(35) 
(36) 
(37) 
Eq. (37) shows that, for any value of n, the average potential energy is half of the total generalized energy 
per cycle of oscillation, a result familiar from the cIassicaI and quantum mechanicaI harmonic osciIIators. 
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B. Temperature Field 
The expectation function for T(x) can be found from 
where 
(n; 1)\i G:(~)GH1(Q 
(~)\i G:(~)G .. _l(Q 
O 
m=n+ 1 
m=n-1 
m:ţn±l 
(38) 
(39) 
(40) 
For the purpose of obtaining an expression for the temperature field which is consistent with direct 
solutions to the macroscopic Fourier-Helmholtz eq. (1) in the lirnit of constant k, p, and c, the particular 
eigenmodes n = O, m = 1 must be chosen, so that 
T(x) '" < T(x) >0,1 • (41) 
It can be shown that after some algebraic manipulation [8] the expectation function (41) for the tem-
perature field becomes: 
% 
Q(x) J T(x) = k() ( ) exp[- er.(ooo' y)dy] 
x er% 000' x ° 
where er.(ooo, x) '" (1 + i)a.(ooo' x), and 
1 
Q( ) '" Q [k(x)p(x)c(X)]"4 
x ° k(O)p(O)c (O) 
(42) 
(43) 
In eq. (43) Qo is the constant heat flux at the material surface. In the limit of k, p, and c constant, eq. (42) 
reduces immediately to a simple well-known form [1], cIS expected. 
C. Ehrenfest's Theorems 
These theorems can be easily formulated using thermal wave quantum mechanical operator algebra 
in the form of commutation relations (See eqs. (22»: 
• • CI 
['t, II] =1JJ a~ 
(44) 
(45) 
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(46) 
It can thus be shown [8] that: 
(47) 
(48) 
where 
F(~) == k(~)p(~)c(~) • (49) 
The validity of eq. (47) originates in the fact that the potential field V(t) for the THO is harmonic 
and does not involve terms higher than second order. For F = const, eq. (48) reduces to the Ehrenfest 
theorem 
in agreement with the c1assically expected result. 
If F (which is the square of the material effusivity) is not constant, one may use the relations [8] 
where 
is the effective generalized thermal momentum. Eqs. (47) and (48) can give the following Ehrenfest's 
theorem: 
(50) 
(51) 
(52) 
(53) 
Here r l plays the role of a generalized mass for the medium. Differentiation ofIIr(~) and use of eq. (51) 
finally yields the equation of motion of the thermal wave heat centroid in the presence of a harmonic gen-
eralized potential V(t) and for general forms of F(~): 
(54) 
An equation similar in structure to (54) has been derived by Morse and Feshbach [Ref. 19, Eq. 
(6.3.22)] in connection with the eigenvalue problem of the Liouville equation. That derivation formally 
establishes the equivalence between the thermal wave quantum mechanical approach, eq. (54), and the ori-
ginal Fourier-Helmholtz eq. (1), itself a special case of the Liouville problem. 
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CONCLUSIONS 
1. The Hamilton-J acobi thermal ray formalism shows complete analogy with c1assical ray optics. It is 
strict1y valid for thermal probing at material depths large compared ta the thermal wavelength. Its 
main advantage over other, more specialized theories is the ability to treat materials with continu-
ously varying thermalJthermodynamic properties. A few applications of therma1 rays have emerged. 
2. Quantum mechanical therma1 wave formalism gives solution to the thermal wave temperature field 
problem for generalized media, with continuous or discontinuous variations in 
thermal/thermodynarnic properties. Applications are anticipated in non-destructive depth profIling 
of materials with large degrees of inhomogeneity at depths within one thermal wavelength and 
rapidly varying thermal diffusivities/effusivities. 
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